ABSTRACT. In this paper we show that any principal S 1 -bundle over a complex flag manifold admits a normal almost contact structure. By following [21] we use these normal almost contact structures to describe, explicitly, a huge class of Hermitian non-Kähler manifolds obtained from the products of principal S 1 -bundles over complex flag manifolds. This last result provides a quite natural, and constructive, generalization of the Calabi-Eckmann construction [8] of Hermitian non-Kähler structures on products of odddimensional spheres. Moreover, we obtain from our results several concrete examples of compact complex manifolds which are not projective algebraic, these examples generalize the Calabi-Eckmann manifolds.
INTRODUCTION
In 1948, H. Hopf [14] gave the first examples of compact complex manifolds which are non-Kähler by showing that S 1 × S 2m+1 admits a complex structure for any positive integer m. These structures are obtained by taking the quotient of C m+1 \{0} by a holomorphic and totally discontinuous action of Z.
In 1953, Calabi and Eckmann [8] showed that any product of spheres of odd dimension S 2n+1 × S 2m+1 (for n, m 0) can be endowed with a structure of complex manifold. In order to achieve that, they considered the fibration
where CP n denotes the complex projective space of dimension n, and equipped the torus fiber of this bundle with a structure of an elliptic curve.
In 1963, A. Morimoto [21] made a study of almost complex structures on the product space of almost contact manifolds [11] , [27] . He showed that any product of almost contact manifolds can be endowed with an almost complex structure, and proved that the induced almost complex structure on the product is integrable if and only if both almost contact structures are normal [26] . By using the normal contact metric structure on S 2n+1 introduced in [25] , he generalized Calabi-Eckmann result about the construction of complex structures on products of odd-dimensional spheres.
Eder M. Correa supported by CNPq grant 150899/2017-3. 1 In [17] , J.-J. Loeb and M. Nicolau generalized Calabi-Eckmann and Hopf complex structures through the construction of a class of complex structures on the product S 2n+1 × S 2m+1 that contains the precedents. Similar techniques were used by S. López de Medrano and A. Verjovsky in [18] to construct another family of non-Kählerian compact manifolds, and later it was generalized by L. Meersseman in [19] . More recently, in [23] , inspired by Loeb-Nicolau's construction [17] , Sankaran and Thakur obtained a family of complex structures on S(L 1 ) × S(L 2 ), where S(L i ) → X i , i = 1, 2, is the smooth principal S 1 -bundle associated to a holomorphic principal C × -bundle L i → X i over a complex manifold X i , i = 1, 2.
In this work, we study Morimoto's construction [21] of almost complex structures on products of almost contact manifolds provided by principal S 1 -bundles over flag manifolds. In what follows we describe our approach and main results.
Main results.
For an odd-dimensional manifold M, J. Gray [11] defined an almost contact structure as a reduction of the structural group to U(n) × 1. In terms of structure tensors, S. Sasaki [27] introduced the notion of almost contact structure, or (φ, ξ, η)-structure, as being a triple composed by a (1, 1)-tensor field φ, a vector field ξ, and a 1-form η satisfying (1.1) φ • φ = −id + η ⊗ ξ, η(ξ) = 1.
As pointed out in [27] , the existence of a (φ, ξ, η)-structure is equivalent to a reduction of the structural group to U(n) × 1, see for instance [4, [44] [45] . From the comments above we see that almost contact structures can be interpreted as the odddimensional analogue of almost complex structures. In [26] , S. Sasaki and Y. Hatakeyama showed that an appropriated concept of "integrability" for these structures is to require that (1.2) φ, φ + dη ⊗ ξ = 0, in other words, we say that an almost contact structure (φ, ξ, η) is integrable, or normal, if it satisfies Equation 1.2. The construction of almost complex structure introduced by Morimoto in [21] can be briefly described as follows. Let M 1 and M 2 be almost contact manifolds with structure tensors (φ 1 , ξ 1 , η 1 ) and (φ 2 , ξ 2 , η 2 ), respectively. Given X ∈ T M 1 and Y ∈ T M 2 , we define J ∈ End(T (M 1 × M 2 )) as It is straightforward to show that J 2 = −id, thus (M 1 × M 2 , J) defines an almost complex manifold. The integrability condition for the almost complex structure defined by 1.3 is equivalent to require that φ 1 , φ 1 + dη 1 ⊗ ξ 1 = 0, φ 2 , φ 2 + dη 2 ⊗ ξ 2 = 0, which in turn is equivalent to require that both almost contact structures on M 1 and M 2 to be normal. Therefore, we can always equip the Cartesian product of two normal almost contact manifolds with a complex structure [21, Theorem 2] .
As it was shown in [12] , and [21] , any principal S 1 -bundle over an almost complex manifold can be endowed with an almost contact structure which is completely determined by a Cartan-Ehresmann connection (gauge field). Moreover, the normality condition for these structures is equivalent to the integrability of the complex structure on the base manifold, and the requirement that the associated curvature form being of (1, 1)-type.
A particular and quite interesting application of this last result is provided by compact simply connected homogeneous contact manifolds. In fact, from a well-known result of Boothby-Wang [5] , every compact simply connected homogeneous contact manifold is a principal S 1 -bundle over a complex flag manifold, whose the Euler class defines a Hodge metric on the flag manifold. Hence, from the last comments, we can equip any product of two compact simply connected homogeneous contact manifolds with a complex structure provided by Morimoto's construction. Note that, in particular, we recover the construction of complex structures on products of odd-dimensional spheres by considering the complex Hopf fibrations
Inspired by these ideas, our first result provides a generalization for Morimoto's result [21, p. 432 ], which asserts that any simply connected homogeneous contact manifold admits a normal almost contact structure. In fact, we show that the normality condition holds for any principal S 1 -bundle over a complex flag manifold, and we also describe explicitly these normal almost contact strucures. Our first result is the following. Theorem 1. Let X P be a complex flag manifold associated to some parabolic Lie subgroup P = P Θ ⊂ G C . Then, given a principal S 1 -bundle Q ∈ P(X P , U(1)), we have that
(2) The manifold defined by the total space Q admits a normal almost contact structure (φ, ξ = ∂ ∂θ , η), such that
for some local section s U : U ⊂ X P → G C . Moreover, φ ∈ End(T Q) satisfies π * • φ = J 0 • π * , and is completely determined by the horizontal lift of √ −1η and the canonical invariant complex structure J 0 of X P . (3) We have a Riemannian metric g Q on Q such that
where ω X P is an invariant Kähler form on X P .
The result above combines [12, Theorem 1] , and [21, Theorem 6] with the recent results provided by the author in [10] , and [9] . The key point in our construction is to provide the precise description of
for any complex flag manifold X P = G C /P, where P(X P , U(1)) is the set of isomorphism classes of principal S 1 -bundles. By following Morimoto's construction and Theorem 1, we consider the product metric on Q 1 × Q 2 , where
. This last metric is compatible with the complex structure 1.3, thus we have a Hermitian structure (g, J) on Q 1 × Q 2 with fundamental 2-form given by
here we have, from Theorem 1, that J ∈ End(T (Q 1 × Q 2 )) is integrable.
The ideas described above are summarized in our second result.
Theorem 2. Let X P i be a complex flag manifold associated to some parabolic Lie subgroup P i ⊂ G C i , such that i = 1, 2. Then, given principal S 1 -bundles Q 1 ∈ P(X P 1 , U(1)), and Q 2 ∈ P(X P 2 , U(1)), we have a Hermitian non-Kähler structure (Ω, J) on Q 1 × Q 2 given by
is a normal almost contact structure on Q i , i = 1, 2, as in Theorem 1, and
where π i : Q i → X P i , and ω X P i is an invariant Kähler metric on X P i , i = 1, 2. Moreover, with the complex structure J ∈ End(T (Q 1 × Q 2 )) described above, we have that the natural projection map
is holomorphic, where J i is an invariant complex structure on X P i , i = 1, 2.
The result of Theorem 2 together with the result of Theorem 1, and the description of invariant Kähler metrics given in [2] , allows us to describe explicitly a huge class of Hermitian non-Kähler structures. Furthermore, the last result above also generalizes Morimoto's result [21, p. 432 ], which in turn implies the construction of complex structures on products of odd-dimensional spheres. 
where
It is important to point out the following consequence of our results. If we consider for instance the full flag manifold W 6 = SU(3)/T 2 , we have
, where Q(ω α 1 ), i = 1, 2, are the generators of P(W 6 , U(1)). From this, an important fact concerned to our results is that we can describe Hermitian non-Kähler structures on
, where ℓ 1 , ℓ 2 ∈ Z\{0}. Thus, unlike in the Table 1 , the almost contact manifolds involved in the construction above are not contact manifolds. Notice that
. Another interesting fact is that the same idea described above for W 6 = SU(3)/T 2 also holds for any full flag manifold G/T , where G is a compact simply connected simple Lie group, and T ⊂ G is a maximal torus. In this last case we have P(G/T , U(1)) ∼ = Z rank(T ) .
1.2. Organization of the paper. The content and main ideas of this paper are organized as follows. In Section 2, we shall cover some generalities about almost contact manifolds, contact manifolds, and describe Morimoto's construction [21] of almost complex structures on products of almost contact manifolds. In Section 3, we provide a description of connections and curvatures on holomorphic line bundles and principal S 1 -bundles over complex flag manifolds, our approach is mainly based on [15] , [10] , and [4] . In Section 4, we shall prove our main results, namely, Theorem 1 and Theorem 2. In Section 5, we describe how our results can be used to obtain concrete examples of Hermitian nonKähler manifolds.
ALMOST COMPLEX STRUCTURES ON PRODUCTS OF ALMOST CONTACT MANIFOLDS
In this section we briefly describe the construction of almost complex structures on products of almost contact manifolds introduced in [21] .
2.1. Almost contact manifolds. Let us recall some basic facts and generalities on almost contact geometry [27] , [4] . Definition 2.1. An almost contact manifold is a (2n+1)-dimensional smooth manifold M endowed with structure tensors (φ, ξ, η), such that φ ∈ End(T M), ξ ∈ Γ (T M) and η ∈ Ω 1 (M) satisfy
Remark 2.2. Given an almost contact manifold M with structure tensors (φ, ξ, η), we can show from 2.1 the following additional properties φ(ξ) = 0, η • φ = 0, and rank(φ) = 2n. Many authors include the properties above in the definition of almost contact manifolds. These additional properties can be derived from 2.1, see for instance [4, Theorem 4.1] .
In the setting of almost contact manifolds we have the concept of normality which is characterized by the equation
where [φ, φ] is the Nijenhuis torsion of φ.
Definition 2.3 (Sasaki and Hatakeyama, [26] ). An almost contact manifold M with structure tensors (φ, ξ, η) which satisfy 2.2 is called normal almost contact manifold.
Remark 2.4. Given an almost contact manifold M with structure tensors (φ, ξ, η), we can consider the manifold defined by M × R. We denote a vector field on
, where X is tangent to M, t is the coordinate on R, and f ∈ C ∞ (M × R). From these, we can define an almost-complex structure on M × R by setting
By following [26] , we can show that φ, φ + dη ⊗ ξ = 0 ⇐⇒ J, J = 0. Thus, we have the normality condition of (φ, ξ, η) equivalent to the integrability of the almost complex structure J defined as in 2.3.
A special context on which we have a natural normal almost contact structure is provide by the following result.
Theorem 2.5 ([21] , [12] ). Let M be the total space of a U(1)-principal bundle over a complex manifold (N, J). Suppose we have a connection 1-form √ −1η on M such that dη = π * ω. Here π denotes the projection of M onto N and ω is a 2-form on N satisfying ω(JX, JY) = ω(X, Y), for X, Y ∈ Γ (T N). Then, we can define a (1, 1)-tensor field φ on M and a vector field ξ on M such that (φ, ξ, η) is a normal almost contact structure on M.
Proof. The complete proof can be found in [21] , [12] . Let us briefly outline the main ideas involved. Consider ξ = ∂ ∂θ ∈ Γ (T M) as being the vector field defined by the infinitesimal action of u(1) on M and let √ −1η ∈ Ω 1 (M, u(1)) be the connection 1-form such that dη = π * ω. Without loss of generality we can suppose η(ξ) = 1. Now, we define φ ∈ End(T M) by setting
Here we denote by (Jπ * X) H the horizontal lift of Jπ * X relative to the connection √ −1η ∈ Ω 1 (M, u (1)). A straightforward computation shows that (φ, ξ, η) defines an almost contact structure. For the normality condition, we just need to check that
the details of the implication above can be found in [21, Theorem 6 ].
An important result which will be useful for us is the following Theorem 2.6 ([12] ). Let π : M → N be a principal circle bundle over a almost complex manifold (N, J N ). Then we have an almost contact structure (φ, ξ, η) on M which satisfies
Moreover, if N is an almost Hermitian manifold with metric g N , then we can also define an associated Riemannian metric g M on M such that
i.e. ξ is a Killing vector field on (M, g M ).
2.2. Contact geometry and almost contact geometry. An important class of almost contact manifolds is provided by contact manifolds. Let us recall some basic generalities on contact geometry.
Definition 2.7. Let M be a smooth connected manifold of dimension 2n
When a smooth connected (2n + 1)-dimensional manifold M admits a contact structure η ∈ Ω 1 (M) the pair (M, η) is called contact manifold. Given a contact manifold (M, η), at each point p ∈ M we have from the condition η ∧ (dη) n = 0 that (dη) p is a quadratic form of rank 2n in the Grassman algebra T * p M, thus we obtain
. By using the last fact we have
for all X ∈ Γ (T M). Therefore, we obtain ξ ∈ Γ (T M) which satisfies (2.6) η(ξ) = 1, and dη(ξ, ·) = 0, see for instance [29] for more details about the description above. The vector field ξ is called the characteristic vector field, or Reeb vector field, of the contact structure η. A contact structure η ∈ Ω 1 (M) is called regular if the associated characteristic vector field ξ ∈ Γ (T M) is regular, namely, if every point of the manifold has a neighborhood such that any integral curve of the vector field passing through the neighborhood passes through only once [22] . In this case (M, η) is called regular contact manifold.
In the setting of compact regular contact manifolds we have the following important result.
Theorem 2.8 (Boothby-Wang, [5])
. Let η be a regular contact structure on a compact smooth manifold
defines a connection on this bundle, and (3) the manifold N is a symplectic manifold whose the symplectic form ω determines an integral cocycle on N which satisfies dη = π * ω, where π : M → N.
The next result states that, in fact, the converse of Theorem 2.8 is also true.
We are particularly interested in the following setting.
Definition 2.10.
A contact manifold (M, η) is said to be homogeneous if there is a connected Lie group G acting transitively and effectively as a group of diffeomorphisms on M which leave η invariant, i.e.
We denote a homogeneous contact manifold by (M, η, G). From this we have the following important result. [5] ). Let (M, η, G) be a homogeneous contact manifold. Then the contact form η is regular. Moreover, M = G/K is a fiber bundle over G/H 0 K with fiber H 0 K/K, where H 0 is the connected component of a 1-dimensional Lie group H, and H 0 is either diffeomorphic to U(1) or R.
Theorem 2.11
If we suppose that (M, η, G) is compact and simply connected, then according to [20] , without loss of generality, we can suppose that G is compact. Furthermore, according to [30] we can in fact suppose that G is a semisimple Lie group. Hence, we have the following theorem.
Theorem 2.12 (Boothby-Wang, [5] ). Let (M, η, G) be a compact simply connected contact homogeneous manifold. Then M is a circle bundle over a complex flag manifold (N, ω N ) such that ω N defines a Ginvariant Hodge metric which satisfies dη = π * ω N , where π :
Remark 2.13. Since every complex flag manifold is a Hodge manifold, from Theorem 2.9 it implies that we can always associate to a complex flag manifold a contact manifold. Moreover, Theorem 2.12 together with Theorem 2.5 show that we can always endow a simply connected contact homogeneous manifold (M, η, G) with a normal almost contact structure (φ, ξ, η), e.g. [21] . Furthermore, we see from Theorem 2.6 that (M, η, G) also can be endowed with a Riemannian metric g M as in 2.4. Theses structures which we can define on (M, η, G) are compatible in the sense of Sasakian geometry, namely, (M, η, G) is in fact a Sasakian manifold, e.g. [4] .
The next result shows that in the setting of Theorem 2.12 we have a complete description of compact simply connected homogeneous contact manifolds in terms of the I(N)-root of
which we denote by K
. Given a complex manifold N, for every L ∈ Pic(N) we can take a Hermitian structure H on L and consider the circle bundle defined by
Now, we have the following characterization for compact simply connected homogeneous contact manifolds Proposition 2.14. Let (M, η, G) be a compact simply connected homogeneous contact manifold. Then, M is the U(1)-principal bundle π : Q(L) → N over a complex flag manifold such that
The next result together with the last proposition allows us to describe all compact homogeneous contact manifolds, the proof for the result below can be found in [6] . Theorem 2.15. Let (M, η, G) be a compact homogeneous contact manifold. Then
(1) M is a non-trivial circle bundle over a complex flag manifold, (2) M has finite fundamental group, and the universal cover M of M is a compact homogeneous contact manifold.
The result above provides a complete description of any compact homogeneous contact manifold (M, η, G) as being a quotient space
where M = Q(L) is given by Proposition 2.14 and Γ = Z ℓ ⊂ U(1) ֒→ M is a cyclic group given by the deck transformations of the universal cover M, see for instance [6] . From this we have
, see for instance [15] , [4, Chapter 2] . In this paper we will also use the notation M = Q(L ⊗ℓ ). Therefore, for the Boothby-Wang fibration π : (M, η) → (N, ω N ) associated to some compact homogeneous contact manifold (M, η, G), we have
where G C is a complexification of G, and P ⊂ G C is a parabolic Lie subgroup.
Remark 2.16. As we see, it is suitable to denote N = X P in order to emphasize the parabolic Lie subgroup P ⊂ G C .
Morimoto's construction of almost complex structures.
In what follows we will cover some basic results concerned to the construction of almost complex structures on products of almost contact manifolds, our approach is according to [21] . Let M 1 and M 2 be almost contact manifolds with structure tensors (φ 1 , ξ 1 , η 1 ) and (φ 2 , ξ 2 , η 2 ), respectively. For any X ∈ T M 1 and Y ∈ T M 2 , we can define
it is straightforward to check that J • J = −id. From this we have the following proposition.
Proposition 2.17 ([21]
). Let M 1 and M 2 be almost contact manifolds. Then M 1 × M 2 admits an almost complex structure induced by the almost contact structure of M 1 and M 2 .
We have the following characterization of the integrability condition for the almost complex structure 2.7 Theorem 2.18 (Morimoto, [21] ). Under the hypotheses of the last proposition, the almost complex structure J is integrable if and only if both (φ 1 , ξ 1 , η 1 ) and (φ 2 , ξ 2 , η 2 ) are normal.
An interesting corollary of this is a result of Calabi and Eckmann [8] that the product of two odddimensional spheres is a complex manifold.
Corollary 2.19. The manifold S
2n+1 × S 2m+1 admits a complex structure.
Remark 2.20. Notice that if we have principal circle bundles M 1 and M 2 almost Hermitian manifolds
such that J is defined as in 2.7 and
where g M i is the Riemannian metric on M i , i = 1, 2, obtained from Theorem 2.6. Moreover, by considering the almost contact structures (φ 1 , ξ 1 , η 1 ) and (φ 2 , ξ 2 , η 2 ) of M 1 and M 2 , respectively, a straightforward computation shows that the fundamental 2-form Ω = g(J ⊗ id) is given by
The result provide by Corollary 2.19 can be understood in terms of Lie theory as follows. Associated to each odd-dimensional sphere we have a complex Hopf fibration, thus we can consider
Now, notice that both the U(1)-principal bundles above can be endowed with a normal almost contact structure. Actually, it follows from Theorem 2.5, Theorem 2.12, and Proposition 2.14 that circle bundle
can be endowed with a normal almost contact structure. Therefore, since for every complex Hopf fibration U(1) ֒→ S 2n+1 → CP n we have
it follows that the complex manifold obtained by the product of two odd-dimensional spheres is a particular example of the Morimoto's construction 2.18. The comment above leads us to the following generalization for the Calabi and Eckmann construction. Consider the following U(1)-principal bundles
from Theorem 2.18 we have a compact complex manifold defined by the product
On the setting above, if we take invariant Kähler structures ω N i on N i , i = 1, 2, then we have from Remark 2.20 that
where Ω is defined as in 2.9. Thus, it follows that
, Ω, J), defines a compact Hermitian manifold which is not Kähler.
In the the next sections our main task will be to prove that this last construction is in fact a particular case of a more general result.
LINE BUNDLES AND PRINCIPAL S 1 -BUNDLES OVER COMPLEX FLAG MANIFOLDS
This section is devoted to provide some basic results about holomorphic line bundles and principal S 1 -bundles over flag manifolds. The main references for the results which we shall cover in the next subsections are [15] , [10] , and [4] .
3.1. Line bundles over flag manifolds. We start by collecting some basic facts about simple Lie algebras and simple Lie groups. Let g C be a complex simple Lie algebra, by fixing a Cartan subalgebra h and a simple root system Σ ⊂ h * , we have a decomposition of g C given by
where n − = α∈Π − g α and n + = α∈Π + g α , here we denote by Π = Π + ∪Π − the root system associated to the simple root system Σ = {α 1 , . . . , α l } ⊂ h * . We also denote by κ the Cartan-Killing form of g C . Now, given α ∈ Π + we have h α ∈ h such that α = κ(·, h α ), we can choose x α ∈ g α and y α ∈ g −α such that [x α , y α ] = h α . For every α ∈ Σ, we can set
from this we have the fundamental weights {ω α | α ∈ Σ} ⊂ h * , where
the set of integral dominant weights of g C . From the Lie algebra representation theory, given µ ∈ Λ * Z 0
we have an irreducible g C -module V(µ) with highest weight µ, we denote by v + µ ∈ V(µ) the highest weight vector associated to µ ∈ Λ * Z 0 . Let G C be a connected, simply connected and complex Lie group with simple Lie algebra g C , and consider G ⊂ G C as being a compact real form of G C . Given a parabolic subgroup P ⊂ G C , without loss of generality we can suppose P = P Θ , for some Θ ⊂ Σ. By definition we have
For our purposes it will be useful to consider the following basic subgroups
We have for each element in the above chain of subgroups the following characterization
Associated to the above data we will be concerned to study the complex generalized flag manifold defined by
The following theorem allows us to describe all G-invariant Kähler structures on X P .
with c α ∈ R 0 , ∀α ∈ Σ\Θ. Conversely, every function ϕ as above defines a closed invariant real (1, 1)-
Remark 3.2. It is worth to point out that the norm || · || in the last Theorem is a norm induced by a fixed G-invariant inner product ·, · α on V(ω α ), ∀α ∈ Σ\Θ.
Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . According to Theorem 3.1, by taking a fundamental weight ω α ∈ Λ * Z 0
, such that α ∈ Σ\Θ, we can associate to this weight a closed real G-invariant (1, 1)-form Ω α ∈ Ω (1,1) (X P ) G which satisfies
where π :
The characterization for G-invariant real (1, 1)-forms of X P provided by Theorem 3.1 can be used to compute the Chern class for holomorphic line bundles over flag manifolds, let us briefly describe how it can be done. Since each ω α ∈ Λ * Z 0
is an integral dominant weight, we can associate to it a holomorphic character χ ω α : T C → C × , such that (dχ ω α ) e = ω α , see for example [28, p. 466] . Given a parabolic subgroup P ⊂ G C , we can take the extension χ ω α : P → C × and define a holomorphic line bundle by
as a vector bundle associated to the P-principal bundle
Remark 3.3. In the above description we consider C −ω α as a P-space with the action pz = χ ω α (p) −1 z, ∀p ∈ P and ∀z ∈ C. Therefore, in terms ofČech cocycles, if we consider an open cover X P = i∈I U i and
For us it will be important to consider the following results, see for instance [2] and [15] .
Proposition 3.4. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . Then for every fundamental weight ω α ∈ Λ * Z 0 , such that α ∈ Σ\Θ, we have
Proof. Consider an open cover X P = i∈I U i which trivializes both P ֒→ G C → X P and L χ ωα → X P , such that α ∈ Σ\Θ, and take a collection of local sections (s i ) i∈I , such that s i : U i → G C . From these we define q i :
for every i ∈ I. These functions (q i ) i∈I satisfy q j = |χ
here we have used that s j = s i ψ ij on U i ∩ U j = ∅, and pv
for every p ∈ P and α ∈ Σ\Θ. Hence, we have a collection of functions (q i ) i∈I which satisfies on
, where i, j ∈ I. From the above collection of smooth functions we can define a Hermitian structure H on L χ ωα by taking on each trivialization f i : L χ ωα → U i × C a metric defined by
Proposition 3.5. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C . Then, we have
Remark 3.6. In the previous results and comments we have restricted our attention just to fundamental weights ω α ∈ Λ * Z 0 for which α ∈ Σ\Θ. Actually, if we have a parabolic Lie subgroup P ⊂ G C , such that P = P Θ , the decomposition
shows us that Hom(P,
, such that α ∈ Θ, we obtain L χ ωα = X P × C, i.e., the associated holomorphic line bundle L χ ωα is trivial.
In order to study the Boothby-Wang fibration as in Theorem 2.12 it will be important for us to compute c 1 (X P ). Let us introduce δ P ∈ h * by setting
from this we have the following result.
Proposition 3.7. Let X P be a flag manifold associated to some parabolic subgroup P = P Θ ⊂ G C , then we have
From Remark 3.3, the result above allows us to write
Moreover, since the holomorphic character associated to δ P can be written as
we have the following characterization
Therefore, we obtain the following description for c 1 (X P )
thus from Theorem 3.1 we have a Kähler-Einstein structure ω X P defined by (3.9)
notice that Ric(ω X P ) = 2πω X P . It is worth to point out that also from Theorem 3.1 we have ω X P determined by the quasi-potential ϕ :
for every g ∈ G C . Hence, given a local section s U : U ⊂ X P → G C we have the following local expression for ω X P (3.11)
Remark 3.8. In order to do some local computations it will be convenient for us to consider the open set defined by the "opposite" big cell in X P . This open set is a distinguished coordinate neighbourhood U ⊂ X P of x 0 = eP ∈ X P defined by the maximal Schubert cell. A brief description for the opposite big cell can be done as follows. Let Π = Π + ∪ Π + be the root system associated to the simple root system Σ ⊂ h * , from this we can define the opposite big cell U ⊂ X P by
where B − = exp(h ⊕ n − ) and
The opposite big cell defines a contractible open dense subset of X P , thus the restriction of any vector bundle over this open set is trivial . For further results about Schubert cells and Schubert varieties we suggest [16] .
Remark 3.9. Unless otherwise stated, in the examples which we will describe throughout this work we will use the conventions of [24] for the realization of classical simple Lie algebras as matrix Lie algebras.
Let us illustrate the ideas described so far by means of basic examples Example 3.10. Consider G C = SL(2, C), we fix a triangular decomposition for sl(2, C) given by
Notice that all the information about the above decomposition is codified in Σ = {α} and Π = {α, −α} and our set of integral dominant weights in this case is given by
We take P = B (Borel subgroup) and from this we obtain
From the cellular decomposition
we take the open set defined by the opposite big cell U = N − x 0 ⊂ X B and the local section s U : U ⊂ CP 1 → SL(2, C) defined by
It is worth to observe that in this case we have the open set U = N − x 0 ⊂ CP 1 parameterized by
Since V(ω α ) = C 2 , v + ω α = e 1 and δ B , h ∨ α = 2, it follows from Equation 3.11 that over the opposite big cell U = N − x 0 ⊂ X B we have
Notice that in this case we have K −1
and Pic(CP 1 ) generated by O(1). Moreover, in this case we have the Fano index given by I(CP 1 ) = 2 which implies that
. The above computation is an interesting exercise to understand how the approach by elements of the Lie theory, especially representation theory, can be useful to describe geometric structures.
Example 3.11. Let us briefly describe the generalization of the previous example for X P = CP n . At first we recall some basic data related to the Lie algebra sl(n + 1, C). By fixing the Cartan subalgebra h ⊂ sl(n + 1, C) given by diagonal matrices whose the trace is equal zero, we have the set of simple roots given by
here ǫ l : diag{a 1 , . . . , a n+1 } → a l , ∀l = 1, . . . , n + 1. Therefore the set of positive roots is given by
In this example we consider Θ = Σ\{α 1 } and P = P Θ . Now, we take the open set defined by the opposite big cell U = R u (P Θ ) − x 0 ⊂ CP n , where x 0 = eP (trivial coset) and
We remark that in this case the open set U = R u (P Θ ) − x 0 is parameterized by
Notice that the above coordinate system is induced directly from the exponential map exp :
− . From this we can take a local section s U :
.11 that over the opposite big cell U = R u (P Θ ) − x 0 ⊂ CP n we have the expression of ω CP n given by
Notice that in this case we have
generated by O(1). Moreover, in this case we have the Fano index given by I(CP n ) = n + 1 which implies that
CP n = O(−1). Example 3.12. Consider G C = SL(4, C), here we use the same choice of Cartan subalgebra and conventions for the simple root system as in the previous example. Since our simple root system is given by
by taking Θ = Σ\{α 2 } we obtain for P = P Θ the flag manifold X P = Gr(2, C 4 ) (Klein quadric). Notice that in this case we have Pic(Gr(2,
thus from Proposition 3.7 it follows that
By considering our Lie-theoretical conventions, we have
By means of the Cartan matrix of sl(4, C) we obtain
In what follows we will use the following notation:
for every ℓ ∈ Z, therefore we have K Gr(2,C 4 ) = O α 2 (−4). In order to compute the local expression of ω Gr(2,C 4 ) ∈ c 1 (O α 2 (−4)), we observe that in this case the quasi-potential ϕ : SL(4, C) → R is given by
= e 1 ∧ e 2 , thus we fix the basis {e i ∧ e j } i<j for V(ω α 2 ) = 2 (C 4 ). Similarly to the previous examples, we consider the open set defined by the opposite big cell U = B − x 0 ⊂ Gr(2, C 4 ). In this case we have the local coordinates nx 0 ∈ U given by
Notice that the above coordinates are obtained directly from the exponential map exp :
− . From this, by taking the local section s U : U ⊂ Gr(2, C 4 ) → SL(4, C), s U (nx 0 ) = n, we obtain
, and the following local expression for ω Gr(2,
It is worth to observe that in this case we have the Fano index of Gr(2, C 4 ) given by I(Gr(2, C 4 )) = 4, thus we obtain
Gr(2,C 4 ) = O α 2 (−1). Remark 3.13. Notice that from Proposition 3.7 we have for a complex flag manifold X P its Fano index is given by
here we suppose P = P Θ ⊂ G C , for some Θ ⊂ Σ. Thus, I(X P ) can be completely determined by the Cartan matrix of g C .
3.2.
Principal S 1 -bundles over flag manifolds. As we have seen previously, given a complex manifold X and a line bundle L → X with Hermitian structure H, we can define a circle bundle by taking
where H denotes a Hermitian structure on L. The action of U(1) on Q(L) is defined by u · θ = ue 2πθ √ −1 , ∀θ ∈ U(1) and ∀u ∈ Q(L). Furthermore, a straightforward computation shows that
Conversely, given a circle bundle U(1) ֒→ Q → X, we can construct a line bundle L(Q) → X as an associated bundle such that L(Q) = Q × U(1) C, where the twisted product is taken with respect to the action
∀θ ∈ U(1) and ∀(u, z) ∈ Q × C. If we denote the set of circle bundles over X, up to isomorphism, by P(X, U(1)), the previous idea provides the correspondences
. where Pic ∞ (X) denotes the smooth Picard group of X, i.e., the set of isomorphism classes of complex vector bundles of rank 1. Furthermore, we have
It will be important in this work to consider the following well known results for which the details about the proofs can be found in [15] , [4, Theorem 2.1].
Theorem 3.14. The set P(X, U(1)) of isomorphism classes of all principal circle bundles over X forms an additive group. The zero element is given by the trivial bundle.
Remark 3.15. From the previous comments, it will be suitable to consider the following characterization for the group structure of P(X, U(1))
Given Q ∈ P(X, U(1)), we can consider its associated homotopy exact sequence:
. From this we have the following result.
Theorem 3.16. Let h : π 2 (X) → H 2 (X, Z) the natural homomorphism and ℓ an integer given by ∆ Q c = ℓb 0 , where b 0 is the generator of π 1 (U(1)) and ∆ Q is the boundary operator of the exact homotopy sequence of a bundle Q ∈ P(X, U (1)). Then,
where e(Q) denotes the Euler class of Q ∈ P(X, U (1)).
For our purpose it will be important the following corollary.
Corollary 3.17. If X is simply connected, then P(X, U (1)) is isomorphic to Hom(π 2 (X), Z). The isomorphism is given by Q → ∆ Q , where ∆ Q is the boundary operator of the exact homotopy sequence of a bundle Q ∈ P(X, U (1)).
Now, let X be a complex manifold. From Hurewicz's theorem, if X is simply connected it follows that h : π 2 (X) → H 2 (X, Z) is an isomorphism, thus we obtain
where the first isomorphism is given by ∆ Q → e(Q), ∀Q ∈ P(X, U (1)) and the second isomorphism follows from the exponential exact sequence of sheaves
, see for instance [7, Chapter 2] . The isomorphism 3.13 allows us to see that, when X is simply connected, we have e(Q) = c 1 (L(Q)), and c 1 (L) = e(Q(L)), ∀Q ∈ P(X, U(1)), ∀L ∈ Pic ∞ (X). Therefore, from Proposition 3.5 and the last comments we have the following result. ( Kobayashi, [15] ). Let X P be a complex flag manifold defined by a parabolic Lie subgroup P = P Θ ⊂ G C . Then, we have
Theorem 3.18
Remark 3.19. It is worthwhile to point out that this last result which we presented above is stated slightly different in [15] . We proceed in this way because our approach is concerned to describe connections and curvature of line bundles and principal circle bundles, therefore we use characteristic classes to describe P(X P , U(1)).
Remark 3.20. Notice that, particularly, we have
In what follows we will use the following notation, given a complex flag manifold X P , where P = P Θ , we denote (3.14)
for every µ ∈ Λ * Z 0
. We also will denote by π Q(µ) : Q(µ) → X P the associated projection map. Our next task will be to compute e(Q(ω α )) ∈ H 2 (X P , Z), ∀α ∈ Σ\Θ. In order to do this it will be important to consider Proposition 3.4 and the fact that e(Q(
Consider an open cover X P = i∈I U i which trivializes both P ֒→ G C → X P and L χ ωα → X P , such that α ∈ Σ\Θ, and take a collection of local sections (s i ) i∈I , such that s i : U i ⊂ X P → G C . As we have seen, associated to this data we can define q i : U i → R + by
and from these functions we obtain a Hermitian structure H on L χ ωα by taking on each trivialization
Hence, for the pair (L χ ωα , H) we have the associated principal circle bundle
In terms of cocycles the principal circle bundle Q(ω α ) is determined by
∀i ∈ I, we obtain the following result.
Proposition 3.21. The collection of local u(1)-valued 1-form defined by
Remark 3. 22 . In what follows we will denote by A = (A i ) i∈I the collection of (gauge) potentials obtained by the result above. We also will denote by dA ∈ Ω 1,1 (X P ) the globally defined (1, 1)-form associated to A.
The description provided by Proposition 3.21 will be fundamental for our next step to describe the contact structure of homogeneous contact manifolds. Example 3.23 (Hopf bundle) . Consider G C = SL(2, C) and P = B ⊂ SL(2, C) as in Example 3.10. As we have seen in this case we have X B = CP 1 and P(CP 1 , U(1)) = Ze(Q(ω α )),
By considering the opposite big cell U = N − x 0 ⊂ X B and the local section s U :
we obtain from Proposition 3.21 the following local expression
on the opposite big cell U ⊂ CP 1 , thus we have
Hence, we have a U(1)-principal connection on Q(−ω α ) = S 3 (locally) defined by
therefore we have
It is worth to point out that from the ideas above, given Q ∈ P(CP 1 , U(1)), it follows that Q = Q(−ℓω α ), for some ℓ ∈ Z, thus we have
Thus, we obtain the Euler class of the principal circle bundle defined by Q(−ℓω α ) = S 3 /Z ℓ (Lens space). Consider the basic data as in Example 3.11, namely, the complex simple Lie group G C = SL(n+1, C) and the parabolic Lie subgroup P = P Σ\{α 1 } . As we have seen, in this case we have X P Σ\{α 1 } = CP n and P(CP n , U(1)) = Ze(Q(ω α 1 )),
From Proposition 3.21 and a similar computation as in the previous example, we have
on the opposite big cell U ⊂ CP n . Hence, we have a U(1)-principal connection on Q(−ω α 1 ) = S 2n+1 (locally) defined by
It is worth to point out that given Q ∈ P(CP n , U(1)), it follows that Q = Q(−ℓω α 1 ), for some ℓ ∈ Z, thus we have
Hence, we obtain the Euler class of the principal circle bundle defined by the Lens space Q(−ℓω α 1 ) = S 2n+1 /Z ℓ .
Example 3.25 (Stiefel manifold)
. Now, consider G C = SL(4, C) and P = P Σ\{α 2 } as in Example 3.12. In this case we have X P Σ\{α 2 } = Gr(2, C 4 ) and P(Gr(2, C 4 ), U(1)) = Ze(Q(ω α 2 )),
From Proposition 3.21 and the computations of Example 3.12 we obtain
Notice that given Q ∈ P(Gr(2, C 4 ), U(1)), it follows that Q = Q(−ℓω α 2 ), for some ℓ ∈ Z, thus we have
Hence, we obtain the Euler class of the principal circle bundle defined by Q(−ℓω α ) = V 2 (R 6 )/Z ℓ .
Let us explain how the examples above fit inside of a more general setting. Let G C be a complex simply connected simple Lie group, and consider P ⊂ G C as being a parabolic Lie subgroup. If we suppose that P = P Σ\{α} , i.e. P is a maximal parabolic subgroup, then we have P(X P Σ\{α} , U(1)) = Ze(Q(ω α )).
In order to simplify the notation, let us denote P Σ\{α} by P ω α . A straightforward computation shows that
Now, consider the following definition.
Definition 3.26 ([13] , [3] ). A fundamental weight ω α is called minuscule if it satisfies the condition
A flag manifold X P ωα associated to a maximal parabolic subgroup P ω α is called minuscule flag manifold if ω α is a minuscule weight.
Remark 3.27. The flag manifolds of the previous examples are particular cases of flag manifolds defined by maximal parabolic Lie subgroups. Being more specific, they are examples of minuscule flag manifolds. Moreover, examples of flag manifolds associated to maximal parabolic Lie subgroups include Grassmannian manifolds Gr(k, C n ), odd-dimensional quadrics Q 2n−1 , even dimensional quadrics Q 2n−2 , Lagrangian Grassmannian manifolds LGr(n, 2n), Orthogonal Grassmannian manifolds OGr(n, 2n), Cayley plane OP 2 and Freudental variety E 7 /P ω 7 .
BASIC MODEL AND PROOFS OF THE MAIN RESULTS
In this section we provide the proofs for the main results of this paper.
4.1. Basic model. As mentioned above, in this section we will prove the main result of this work. In order to motivate the ideas involved in our proof, let us start by recalling some basic facts.
As we have seen, given a compact homogeneous contact manifold (M, η, G) we have that
for some parabolic Lie subgroup P ⊂ G C , notice that G ⊂ G C is a compact real form of G C . The examples of compact homogeneous contact manifolds associated to flag manifolds defined by maximal parabolic Lie subgroups will be useful for us in the next subsections. In what follows we will explore more these particular examples. As we have seen, from 3.19, if P = P ω α it follows that M = Q(−ℓω α ) = Q(−ω α )/Z ℓ , for some ℓ ∈ Z >0 . Hence, from Proposition 3.21 we have a connection η ′ α defined on Q(−ℓω α ) by
If we consider a i = e √ −1θ i , where θ i is real and is defined up to an integral multiple of 2π, we have that
it is not difficult to check that
This particular case turns out to be the basic model for all the cases which we have described in the examples of the previous sections. As we will see the ideas developed above are essentially the model for the general case of circle bundles over complex flag manifolds. In the next subsections we will come back to this basic example several times.
Proofs of the main results.
In order to prove our main result we start with a fundamental theorem which gathers some important features of circle bundles over complex flag manifolds.
Theorem 4.1. Let X P be a complex flag manifold associated to some parabolic Lie subgroup P = P Θ ⊂ G C . Then, given a principal S 1 -bundle Q ∈ P(X P , U(1)), we have that
Proof. The proof for each fact above goes as follows. From Theorem 3.18, up to isomorphism, we can write
such that ℓ α ∈ Z, ∀α ∈ Σ\Θ, thus we have (1). Now, we can apply Proposition 3.21 and obtain a connection on Q given by
note that e(Q) = ℓ α Ω α . By rearranging the expression above, we have
Thus, from η = − √ −1η Q we obtain the expression 4.1. Since
it follows from 3.1 that dη is the pullback of a (1, 1)-form on X P . Therefore, from Theorem 2.6 and Theorem 2.5 we obtain (2) and (3).
Remark 4.2. Notice that Theorem 4.1 provides a concrete generalization for the result in [21] which states that every compact simply connected homogeneous contact manifold admits a normal almost contact structure. Now, we can prove our main result. Theorem 4.3. Let X P i be a complex flag manifold associated to some parabolic Lie subgroup P i ⊂ G C i , such that i = 1, 2. Then, given principal S 1 -bundles Q 1 ∈ P(X P 1 , U(1)), and Q 2 ∈ P(X P 2 , U(1)), we have a Hermitian non-Kähler structure (Ω, J) on Q 1 × Q 2 given by
is a normal almost contact structure on Q i , i = 1, 2, as in Theorem 4.1, and
, where π i : Q i → X P i and ω X P i is an invariant Kähler metric on X P i , i = 1, 2. Moreover, with the complex structure J ∈ End(T (Q 1 × Q 2 )) described above, we have that the natural projection map
, is holomorphic, where J i is an invariant complex structure on X P i , i = 1, 2. Now, also from Theorem 4.1, we have
where (ω X P i , J i ) is the invariant Kähler structure on X P i , i = 1, 2. Therefore, by setting g((X, Y), (Z, W)) = g Q 1 (X, Z) + g Q 2 (Y, W), we obtain a Hermitian metric on Q 1 × Q 2 , it is straightforward to verify that Ω = g(J ⊗ id) is given by Ω = π * 1 ω X P 1 + π * 2 ω X P 2 + η 1 ∧ η 2 . Moreover, since dω X P i = 0, we have dΩ = dη 1 ∧ η 2 − η 1 ∧ dη 2 , which means that Ω is not closed. Thus, (Q 1 × Q 2 , Ω, J) defines a Hermitian manifold which is nonKähler. Now, since (π i ) * • φ i = J i • (π i ) * , a straightforward computation shows that
Thus we have the desired result.
Remark 4.4. Notice that in the setting above we have a natural induced T 2 -principal bundle
such that the action of T 2 = U(1) × U(1) is the diagonal action on the product Q 1 × Q 2 . X P 1 ) → X P 1 , and U(1) ֒→ Q(K ⊗ ℓ 2 I(X P 2 )
such that ℓ 1 , ℓ 2 ∈ Z >0 . A direct application of Theorem 4.3 provides that any product of Homogeneous contact manifolds as above can be endowed with a Hermitian non-Kähler structure. Thus, we recover the result [21, p. 432] for simply connected homogeneous contact manifolds, which implies the Calabi and Eckmann construction [8] for product of two odd-dimensional spheres.
Another important fact to notice is the following. Since H 1 (X P 1 , R) = {0} and c 1 (K ⊗ ℓ 1 I(X P 1 )
) ∈ H 2 (X P 1 , R) is non-zero, we have that Q(K ⊗ ℓ 1 I(X P 1 )
) does not admit any symplectic structure, ∀ℓ 1 , ℓ 2 ∈ Z >0 , see [23, Theorem 2.13] .
Thus, Theorem 4.1 together with Theorem 4.3 allow us to describe, explicitly, the Hermitian structures of a huge class of (compact) non-Kähler manifolds.
EXAMPLES OF HERMITIAN NON-KÄHLER STRUCTURES
In this section we apply Theorem 4.1 and Theorem 4.3 in concrete cases. We start with a basic case which covers an important class of flag manifolds, namely, the class of complex flag manifolds with Picard number one.
Example 5.1 (Basic model). The first example which we will explore are given by principal S 1 -bundles over flag manifolds defined by maximal parabolic Lie subgroups.
As in Subsection 4.1, let G C be a simply connected complex Lie group with simple Lie algebra and X P ωα be a complex flag manifold associated to some maximal parabolic Lie subgroup P ω α ⊂ G C . Since in this case we have P(X P ωα , U(1)) = Ze(Q(ω α )), given Q ∈ P(X P ωα , U(1)), it follows that Q = Q(ℓω α ). Moreover, from Theorem 4.1 we have a normal almost contact structure (φ, ξ = ∂ ∂θ , η) on Q, such that
Therefore, given complex flag manifolds X P 1 and X P 2 , such that P 1 = P ω α ⊂ G C 1 and P 2 = P ω β ⊂ G C 2 , for every pair (Q 1 , Q 2 ), such that Q i ∈ P(X P i , U (1) 
where s U i : U i ⊂ X P i → G C i , i = 1, 2, and the fundamental form Ω is given by
where I(X P 1 ) = δ P ωα , h ∨ α and I(X P 2 ) = δ P ω β , h ∨ β . Notice that in the expression above we consider the Kähler forms on X P 1 and X P 2 provided by the expression 3.11. Therefore, from Theorem 4.3 we have a Hermitian non-Kähler structure (Ω, J) on Q(ℓ 1 ω α ) × Q(ℓ 2 ω β ), ∀ℓ 1 , ℓ 2 ∈ Z, completely determined by elements of representation theory of G C 1 and G C 2 . Notice that in the setting above we have a natural induced principal T 2 -bundle
such that the action of T 2 = U(1) × U(1) is the natural action on the product Q 1 × Q 2 .
In the context of flag manifolds associated to maximal parabolic Lie subgroups P ω α ⊂ G C , let us denote by
Example 5.2 (Herminitan structure on V 2 (R 6 ) × S 3 ). In order to describe the associated Hermitian non-Kähler structure on V 2 (R 6 ) × S 3 provided by Theorem 4.3 we notice that, from Theorem 4.1, we have contact structures associated to U(1) ֒→ V 2 (R 6 ) → Gr(2, C 4 ) and U(1) ֒→ S 3 → CP 1 ,
here ǫ l : diag{a 1 , . . . , a n+1 } → a l , ∀l = 1, . . . , n + 1. Therefore, the set of positive roots is given by
In this case we consider Θ = Σ\{α k } and P = P ω α k , thus we have SL(n + 1, C)/P ω α k = Gr(k, C n+1 ).
